
Comments about \Population Dynamis in HeterogeneousEnvironments: a Disrete Model"Bastien FernandezJanuary 3, 2001Centre de Physique Th�eorique CNRS Luminy Case 907 13288 Marseille CEDEX 09 Franee-mail: bastien�pt.univ-mrs.frAbstratIn [1℄, a spae-time disrete model for population dynamis on heterogeneous landsapes has beenintrodued and studied. Here we prove that in the simple ase of a homogeneous �tness, theasymptoti population is homogeneous.We briey reall the de�nitions. Given L 2 N, let f = ffsg16s6L with fs > 0 be the �tnesson�guration and let m = mins fs and M = maxs fs:We assume that M 6 4. The phase spae is the following simplexMM = (u 2 [0; 1℄L : LXs=1 us 6 M4 ) :In this set, the dynamis is generated by the map T ating on on�gurations u = fusgLs=1 andde�ned by (Tu)s = fsus(1� LXr=1 ur) +D(us�1 � 2us + us+1); 1 6 s 6 L;with periodi boundary onditions (i.e. u0 = uL and uL+1 = u1) and where 0 6 D 6 m4�M8 . Theonditions on M and on D imply that T (MM ) �MM and the dynamis is meaningful [1℄.To analyse the asymptoti behaviour, it is onvenient to introdue the Fourier transform. Let(Fu)k = LXs=1use( 2i�ksL ), 0 6 k < L be the Fourier transform of a on�guration in RL . Let U t = Futand F = Ff be respetively the Fourier transforms of an orbit's omponent and of the �tness. Wehave U t+1k = 1� U t0L L�1Xj=0 FjU tk�j mod L + �kDU tk; 0 6 k < L; (1)where �k = �4 sin2 ��kL �.In [1℄, it has been shown that if the �tness is homogeneous (i.e. if fs does not depend on s), thenany initial ondition with mean value U00 equals to a omponent of a periodi orbit of the logisti1



map, or in the basin of attration of suh an orbit, the asymptoti on�guration is homogeneous.In other words, these initial on�gurations synhronize in time.Here, we prove that this result extends to any initial ondition. In short terms, if the �tness ishomogeneous, so is the asymptoti population and we have synhronization.Theorem 1 If fs = � for all s and 0 < D < �4��8 then for any u 2M�, we havelimt!1 max0<k<L jU tkj = 0:It is interesting to ompare this result to those in other models suh as Coupled Map Latties(CML). In the latter, synhronisation may our only for strong oupling, i.e. when all the Fouriermodes beome ontrating. This main di�erene in the behaviour beomes from the di�erene inthe map de�ning the dynamis. Whereas in the present ase the dynamis of the modes is linearbeause of the mean-�eld type of nonlinearity, in CML, the same dynamis is nonlinear beausethe original nonlinearity is loal.Proof: Let fU t0gt2N be an orbit of the logisiti map. As argued in [1℄, we may assume that U t0 >0; t 2 N. Otherwise, sine u 2 M�, the ondition U t00 = 0 implies that U tk = 0; 0 6 k < L; t > t0and the result holds.We de�ne the following times, denoted tn, by iterations. Given n 2 N, let t1 = 1 and lettn = inffj > tn�1 : U j0 > U tn�10 g;if n > 1. It may happen that tn =1 for some n 2 N. In this ase, there is no tk with k > n.Using (1), one obtains that for any tn < t 6 tn+1, n 2 N, the dynamis of the positive Fouriermodes fatorizes as jU tkj = U t0U tn0 t�tn�1Yj=0 �����1 + �kD U tn+j0U tn+j+10 ����� jU tnk j; 0 < k < L:By assumption on D, there exists 0 < Æ < 1, suh that D 6 (1� Æ2 )�4��8 . Sine u 2M�, we haveU t0 6 �4 , t 2 N. Together with the de�nition of �k, this implies that for any n and any j, we have�(1� Æ) 6 1� 4D 1�(1 � U tn+j0 ) = 1� 4D U tn+j0U tn+j+10 6 1 + �kD U tn+j0U tn+j+10 :On the other hand, sine Utn+j0Utn+j+10 > 1� , D > 0 and �k < 0, we have1 + �kD U tn+j0U tn+j+10 6 1 + D� maxk �k < 1 0 < k < L:We dedue that for any tn < t 6 tn+1, we havejU tkj 6 U t0U tn0 �1�minfÆ;�D� maxk �kg�t�tn jU tnk j; 0 < k < L;and 0 < 1 � minfÆ;�D� maxk �kg < 1. The results then follows by taking the limit t ! 1 iftn+1 = +1 for some n 2 N beause of uniform boundedness of U t0.2



If tn is �nite for all n, then we havejU tkj 6 jU tnk j; tn < t < tn+1: (2)Moreover sine U t0 is restrited to [0; �4 ℄, for any 1�minfÆ;�D�maxk �kg < � < 1, there exists n0 2 Nsuh that U tn+10U tn0 6 �1�minfÆ;�D�maxk �kg ; n > n0:Therefore jU tn+1k j 6 �jU tnk j; 0 < k < L; n > n0;from whih the Theorem follows when iterating and using (2). 2Erratum{ Page 1996, the assumption (H) has to be orreted in the following way:(H) The �tness is homogeneous, fs = � for all s and the di�usion oeÆient satis�es the inequalities0 < D < �(4��)8 .{ Page 1997, the following omment is added line 4:The map x ! �x(1 � x) has a periodi orbit for any value of �. We denote by fxtgt2N withxt+� = xt for some � 2 N suh an orbit.{ Page 1997, in Statement (ii) of Corollary 4.3, the word \sum" should be \mean".Referenes[1℄ B. Fernandez and V. Tereshko, Population Dynamis in Heterogeneous Environments: A Dis-rete Model, Int. J. Bif. & Chaos 10 (2000) 1993-2000.
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